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Abstract: This paper presents a systematic study of Bernoulli differential
equations, exact differential equations, and integrating factors as fundamental
analytical tools in ordinary differential equations. These methods play a crucial
role in transforming nonlinear equations into solvable linear forms and in
identifying conditions for exactness. The study emphasizes theoretical
foundations, solution techniques, and applications in mathematical modeling of
physical and economic processes. The results demonstrate that integrating
factor methods significantly extend the class of solvable differential equations,
while Bernoulli and exact equations provide structured approaches for nonlinear
systems.
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Annotatsiya: Ushbu maqolada Bernulli tenglamasi, to‘la differensial
tenglamalar va integrallovchi ko‘paytuvchi usuli birinchi tartibli differensial
tenglamalarni yechishning muhim analitik usullari sifatida o‘rganildi. Ushbu
metodlar chizigsiz tenglamalarni chizigli ko‘rinishga keltirish va yechim
topishni soddalashtirish imkonini beradi. Tadqiqot natijalari ushbu usullarning
matematik modellashtirishda, fizik va iqtisodiy jarayonlarni tahlil qilishda keng

go‘llanilishini ko‘rsatadi.
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Kalit so‘zlar : Bernulli tenglamasi, to‘la differensial tenglama,
integrallovchi ko‘paytuvchi, birinchi tartibli differensial tenglamalar, chizigsiz
tenglamalar, matematik modellashtirish.

AHHOTAIMA B 1manHOM cTarhbe paccMaTpUBAIOTCS YPABHEHUE
bepnymnu, Tounsie quddepeHImanbHbie YPaBHEHUS U METO ] HHTETPUPYIOIIETO
MHOXKHTEJIS KaK BaKHBIC AHATUTHYECKHC METOJIbI peIIeHHS
mudepeHInanbHbIX YPaBHCHUH TIEPBOTO TMOPSIKA. DTH METOIbI TO3BOJISIFOT
peoOpa3oBLIBATh HEJIMHEHWHBIC YPaBHEHUS B JUHEHHBIC ()OPMBI M YIPOIIAOT
MpoLIeCC HAXOXKJICHUs pelieHuid. Pe3ynbTrarhl McciaeqoBaHUs MOKa3bIBAIOT HUX
IIMPOKOE MPUMEHEHHE B MATEMAaTHUECKOM MOJICTHPOBAHNH, a TAK)KE B aHATTN3E
(bU3HYECKNX U YKOHOMUYECKUX MPOIECCOB.

KiroueBnble ciioBa : YpasHenue bepuyinu, Tounoe auddepeHimaibrHoe
ypaBHEHUE, HWHTETPUPYIOMUNA MHOXHUTENb, AU epeHInaabHble ypaBHEHUS
MIEPBOTO TIOPSIKA, HEJTMHEHHBIC YPAaBHEHUS, MATEMATHIECKOE MOICTTUPOBAHHE.

Introduction

Differential equations are essential mathematical tools used to describe
dynamic systems in physics, engineering, economics, and biological sciences.
Among them, first-order differential equations are particularly important due to
their wide range of applications.

However, many real-world problems lead to nonlinear differential equations
that cannot be solved directly using standard integration techniques. To address
this limitation, specific transformation methods such as the Bernoulli equation
approach, exact differential equations, and integrating factor techniques are
widely used.

These methods allow complex nonlinear equations to be transformed into linear
or solvable forms, making them powerful tools in mathematical analysis and
applied modeling.

Bernoulli Differential Equation

A Bernoulli differential equation has the general form:
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y+PX)y=Q(x)y"
This equation is nonlinear due to the term yny”“nyn. However, it can be
transformed into a linear differential equation using the substitution:
z=y'""
After transformation, the equation becomes linear in terms of vvv, allowing
standard solution techniques.
Application. Bernoulli equations are widely used in modeling:

»  Population growth with limited resources

A\

Chemical reaction kinetics
> Fluid dynamics with resistance
Exact Differential Equations
A first-order differential equation of the form:
M(x,y)dx+N(x,y)dy=0

is called exact if there exists a function F(x,y) such that:

O 2y
The condition for exactness is:
aM_aN
oy 0x
If this condition is satisfied, the solution is obtained by finding the potential
function F(x,y)
Application
Exact equations are used in:
> Energy conservation systems
> Thermodynamics
> Mechanical equilibrium problems

Integrating Factor Method
If a differential equation is not exact, it can often be made exact by multiplying
it by an integrating factor p(x,y).

The integrating factor transforms:
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M(x,y)dx+N(x,y)dy=0
into an exact equation:
W(x)Mdx+u(x)Ndy=0

Common cases include integrating factors depending only on x or y.

Application

> Electrical circuit analysis

> Fluid flow equations

> Economic equilibrium models
Discussion:

The three methods discussed—Bernoulli transformation, exact equations, and
integrating factors—are interconnected approaches for solving first-order
differential equations. Bernoulli equations can be reduced to linear form, while
exact equations represent a class of systems with potential functions. Integrating
factors extend the applicability of exact equation methods to non-exact cases.
These techniques significantly expand the solvable class of nonlinear
differential equations and provide a unified framework for analytical solutions
in applied mathematics.

Conclusion:
Bernoulli equations, exact differential equations, and integrating factor methods
constitute fundamental tools in the theory of ordinary differential equations.
Their ability to simplify nonlinear systems into solvable forms makes them
highly valuable in both theoretical and applied mathematics. Future research
may focus on numerical integration techniques and computer-assisted symbolic
solutions to further enhance their applicability in complex systems.
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