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CxoaMMoOCTh MOC/IEA0BATEIbHBIX NPUOJIMKEHHH K
HHTErpoQyHKIUUOHAJIBbHBIM YpaBHeHUsIM BosibTeppa B mpocTpaHcTBe
HHTErpupyeMbIX GyHKIUMN

AHHOTaAIMA: B JTAaHHOU pabote HCCIENyeTCs CXOJIHUMOCTD
MOCJICIOBATEIBHBIX TMPUOIKEHUNH I  PEIICHUS HWHTETPOPYHKITMOHATHHOTO
ypaBHeHHs ~ BoabTeppa B MNPOCTpaHCTBE  MHTETPUPYEMBIX  (DYHKIIMIA.
PaccmarpuBaercs  ypaBHenwe  Buaa (1), I8 KOTOPOTO  CTPOSTCS
noclieoBaTenbHbIe Tpubamxkenus (2). JlokaspiBaeTcst Teopema, 00ecrieurBaromas
PAaBHOMEPHYIO CXOIUMOCTh JTHX MPUONMMKEHUN K EIUHCTBEHHOMY PEIICHHUIO
YpaBHEHUS TIPU BBHITIOJIHCHUH OMNpPEAENICHHBIX ycinoBui Ha ¢yHKinmu F(t,x,y) u
K(t,s,x). IlpuBomutcsi 10Ka3aTEIbLCTBO HepaBeHCTBA (4), MOATBEPKIAIOIIETO
CXOOUMOCTh. B KauecTBe 4YacTHOTO ClIy4as pacCMaTpUBAETCs YpaBHEHUE
BonpTeppa W mokaspiBaeTcs, YTO TIPHOMMKEHUS TakKKe CXOAATCA K
SAMHCTBEHHOMY PEIICHUIO C OMPEACICHHON CKOPOCTHIO.

KitoueBbie cioBa: CXOAMMOCTb, HHTETPOPYHKIMOHAIbHBIE YpPAaBHEHMS,
ypaBHeHue BosbTeppa, mnocinenoBaTenbHble NPUOIMKEHHS, TMPOCTPAHCTBO
UHTErPUPYEMbIX QYHKIUM.
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Convergence of consecutive approximations to integumental Volterra
equations in the space of integrable functions

Resume: This paper investigates the convergence of successive
approximations for solving the Volterra integro-functional equation in the space of
integrable functions. The equation of type (1) is considered, for which successive
approximations (2) are constructed. A theorem is proven that ensures the uniform
convergence of these approximations to the unique solution of the equation,
provided certain conditions on the functions F(t,x,y) and K(t,s,x) are met. The
inequality (4) confirming the convergence is demonstrated. As a special case, the
Volterra equation is examined, showing that the approximations converge to the
unique solution at a specific rate

Keywords: convergence, integro-functional equations, Volterra equation,
successive approximations, space of integrable functions.

B aroit paboTe paccMaTrpuBaeTcs UHTETPO(YHKIIMOHAIEHOE YPAaBHEHHUE BH/IA:

X(t)= F(t,x(t)),ftl( (t, S,x(s))ds) o<t<T) (1

[ToctpouM mocneaoBaTeNbHBIE TNPUOMIDKEHUS I €IUHCTBEHHOTO PEIICHHUS
MHTErpo(QYHKIIMOHATLHOTO ypaBHeHHE (1):

"Ikonomuka u couuym' Nel((125) 2024 wWww.iupr.ru



x,(T) =F <t, Xy, (t),th (t, S, xn_l(s))ds)n =12,.. (2)
0
K pEHICHHIO WHTErpOQYHKIMOHAILHOTO YypaBHEHUS W aHaJW3UpyeM Ha
CXOANUMOCTb.
Teopema. ITycts, F(t,x,y)(0<t <T; x,y € RY), K(t,s,x)
(0 <t s <T; x € R!) usmepumsble pyHKIUM yIOBIETBOPSIOT YCIOBHIO:
|F(t,%,y) = F(t,x,y)| < L1|x — x| + L1y — yl,
|K(t,s,%) = K(t,s,y)| < Lslx =yl (3)
rae L; = const = 0 (i = 1,2,3) npuuem L; < 1

Torna mocnemoBarenbHbie npuOImKeHus (2) paBHomepHo Ha otpeske [0, T]
CXOIATCS K €IMHCTBEHHOMY PEIICHHIO HMHTErPO(YHKIIMOHAIBHOMY YpPaBHEHHIO
(1), mpu sTOM

(fealy’

_ *
ot =27l < ——

|xo — x|l n=12,.. (4)

rae x* (t) — enMHCTBEHHOE penieHnue ypaBHeHue (1).

Joka3zaresqbcTBO. 3 yCIOBUAX 3TOM TEOPEMbl E€IMHCTBEHHOE PEIICHHUE
uHTerpo(yHKIMOHATBHOTO ypaBHeHus (1) mokazano B pabore [1].

JIns nokazaTenbCcTBa TEOPEMBI JOCTATOUHO MOKa3aTh HepaBeHCTBO (4). U3 (1) u (2)
C YCJIOBHUSIMH (3) HOJIy4YHM:

1%, () = x*(O)] =

= ‘CI) (t, xn(t),]tl( (t, s, xn_l(s))ds> - @ <t,x*(t),ftl( (t, S,x*(s))ds>

<

<

< Lylxn () = 2" (O] + L,

f K (t, S, xn_l(s))ds — ftK (t, S,x*(s))ds
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< LyJxn(®) — x*(O)] + LoLs j 1 (5) — x° ()] ds,

t

1%, (8) = x" ()] < Ly | (8) = x7(8)| + L L3 jlxn—l(s) —x*(s)| ds.
0

N3 storo HCPABCHCTBA II0JIy4acCM:

2 (6) = 2" (0] leiLzl j Xt () —x*(s)lds,  n=12,.. (5)

[Ipu n = 1 u3 (5) nonyuum:

L,L,
7 (®) - x°(D)] < j 1xo(s) — x*(s)] ds <

T o = 'l

1 - L1
[Ipu n = 2 nonyuum:

2

L,Ls (¢ L,L,
5@ - 2O < 72 [ () - w @l ds < (722) llvo -l
1 - Ll 0 1 - Ll

[Ipenmonoxxum, 9To pU N = Kk BEpHO CIeaAyIolee HEPaBEHCTBO:

k k-1

L,Ls t
(6 =5 012 (755) o=l g5

I[Ipun = k + 1 u3 (5) cnenyer:

t
s = 1 = 722 [ 1) = ()] ds <

L,Ls \**t 1 t tk
S( 23) —fsk 1dS—( )k+1__
1-1, (k—1)! 1—L1 k!

Hcnonp3yss MeToa MaTeMaTHYeCKOW WHAYKIIMU JUIsl JIFOOOTO HATYpPaJIbHOTO N
BEPHO HEPABEHCTBO:
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() o

[ (8) — x* ()] < lxo —x*l, n=12...
(n—1)!

[pumenss B ipoctpanctie L[0, T nopmy ||x|| = | Otlx(t)l dt, moay4yum:

(22) t
I =31 = [ ) = (9)1ds <=y =) [ 577 ds =
0
Loy )
=l

n!
U3 sroro HEPaBCHCTBO CIIECAYCT HCPABCHCTBO (4)

Tenepb paccMoTpuM YacTHBIN cityyaii ypaBHeHue (1), ypaBuenue Bonbreppa:
t
x(t) = xo(t) + j K(t, s,x(s))ds (6)
0
Ha ycnoBusix qoka3aHHON T€OpEeMbl TPUOIMKEHUS:

t
x,(t) = xo(t)+j K(t, s, xn_l(s))ds,n =12,..
0

CXOITCA K €IMHCTBEHHOMY pelieHuio ypaBHeHuss Bombreppsr (6) Ha

npoctpanctse L[0,T] co ckopocThio:

(L;1)"
n!

2, — %™l < |l
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