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Abstract. This paper is devoted to the investigation of an ill-posed initial–

boundary value problem, in the sense of  Hadamard, for a system of time-direction

changing  parabolic-type  equations.  By  applying  the  Fourier  method  and  the

spectral  properties  of  the  corresponding  differential  operator,  an  appropriate

correctness  set  is  constructed for  the  considered problem.  Sufficient  conditions

guaranteeing the uniqueness of the solution in this set are established. In addition,

conditional  stability  estimates  are  derived  by  means  of  suitable  a  priori

inequalities.  The  obtained  results  extend  the  theory  of  ill-posed  problems  for

systems of time-direction changing parabolic-type equations and may serve as a

theoretical foundation for further studies of inverse and nonlocal boundary value

problems.

Keywords. system of time-direction changing parabolic-type equations, ill-

posed  initial–boundary  value  problem,  correctness  set,  uniqueness  of  solution,

conditional stability, a priori estimates, Fourier method, spectral problem.

НЕКОРРЕКТНАЯ НАЧАЛЬНО-КРАЕВАЯ ЗАДАЧА ДЛЯ
СИСТЕМЫ ПАРАБОЛИЧЕСКИХ УРАВНЕНИЙ С

ИЗМЕНЯЮЩИМСЯ ПО ВРЕМЕНИ НАПРАВЛЕНИЕМ

Жасурбек Шарипов Икромиддин угли

Национальный университет Узбекистана имени Мирзо Улугбека

Ташкент , Узбекистан

Аннотация. Настоящая работа посвящена исследованию некорректной

начально-краевой задачи в смысле Ж. Адамара для системы параболических

уравнений с  изменяющимся  по  времени направлением.  С  использованием
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метода  Фурье  и  спектральных  свойств  соответствующего

дифференциального  оператора  для  рассматриваемой  задачи  построено

соответствующее  множество  корректности.  Установлены  достаточные

условия, гарантирующие единственность решения в этом множестве. Кроме

того,  посредством  соответствующих  априорных  неравенств  получены

условные оценки устойчивости решения. Полученные результаты развивают

теорию  некорректных  задач  для  систем  параболических  уравнений  с

изменяющимся  по  времени  направлением и  могут  служить  теоретической

основой  для  дальнейших  исследований  обратных  и  нелокальных  краевых

задач.

Ключевые  слова. Система  параболических  уравнений  с

изменяющимся  по  времени  направлением,  некорректная  начально-краевая

задача,  множество  корректности,  единственность  решения,  условная

устойчивость, априорные оценки, метод Фурье, спектральная задача.

Introduction

Time-direction  changing  parabolic-type  differential  equations  and  their

systems  play  an  important  role  in  modeling  various  processes  arising  in

mathematical  physics,  heat  conduction  theory,  diffusion  phenomena,  filtration

processes, control theory, and many other fields of applied science. A distinctive

feature of such equations is that their evolution direction changes over different

time intervals.  Consequently,  the  mathematical  properties  of  the  corresponding

problems become considerably more complicated, making the investigation of the

existence, uniqueness, and stability of solutions a problem of significant theoretical

importance.

According to Hadamard's definition, a problem is said to be ill-posed if at

least one of the following conditions is violated: the existence of a solution, its

uniqueness, or its continuous dependence on the given data. The theory of ill-posed

problems was initiated by J. Hadamard and was subsequently developed by A.N.

Tikhonov[1],  M.M.  Lavrentiev[2],  V.K.  Ivanov[3],  A.I.  Kozhanov[4],  S.G.
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Pyatkov[5,6],  S.A.  Tersenov[7],  K.S.  Fayazov[8],  A.A.  Kerefov[9],  I.E.

Egorov[10],  I.O.  Khajiyev[11],  Y.K.  Khudayberganov[12,13]  and  many

researches,  furtheremore this  problem’s  non-linear  types  are  discussed in  these

[17,18] works. Their works have established the theoretical foundations for the

study of correctness classes, uniqueness, and conditional stability of solutions to

ill-posed initial  and boundary value problems for various classes of differential

equations.

In recent years, increasing attention has been devoted to the investigation of

initial-boundary  value  problems  for  time-direction  changing  parabolic-type

equations.  Such equations  describe  processes  that  evolve  forward in  time over

certain intervals and backward in time over others. Consequently, the analysis of

their solutions by classical methods is often inadequate and requires the application

of special functional spaces, spectral methods, and appropriate a priori estimates.

In  particular,  ill-posed  initial-boundary  value  problems  for  systems  of  time-

direction  changing  parabolic-type  equations  have  not  yet  been  sufficiently

investigated, which makes this research area both challenging and relevant.

In the present paper, an ill-posed initial-boundary value problem, in the sense

of Hadamard, is investigated for a system of time-direction changing parabolic-

type equations.  An appropriate  correctness  set  is  introduced for  the considered

problem, and sufficient conditions ensuring the uniqueness of the solution within

this set are established. Furthermore, conditional stability estimates are derived by

means of suitable a priori estimates. The obtained results extend the theory of ill-

posed problems for systems of time-direction changing parabolic-type equations

and  provide  a  theoretical  foundation  for  further  investigations  of  this  class  of

initial-boundary value problems.

Problem Statement.

Suppose  that  a  pair  of  functions   is  a  solution to  the

system  of  partial  differential  equations  of  parabolic  type  in  the  domain

:
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(1)

where   are  arbitrary  constants,   and  

The system of equations (1) in the domain  and the following:

(2)

initial,

(3)

boundary,

(4)

and  satisfying  the  gluing  conditions,  find  a  pair  of  continuous  functions

, where   and  are  given

sufficiently smooth functions, furthermore, 

To solve the problem (1)–(4), we perform the following: 

(5)

substitution. As a result, in finding the solution to the problem under consideration,

with respect to the functions  and  we have the following:

 

Problem 1. The following
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(6)

equation in the domain  as follows:

initial

(7)

boundary

(8)

and gluing

(9)

conditions, where 

Problem 2. The following

(10)

equation in the domain  as follows:

(11)

initial,

(12)

boundary,
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(13)

and satisfying the gluing conditions, leads to the problem of finding the functions

 and , where 

Spectral problem

Find  the  values  of  the  parameter   for  which  the  following:

(14)

(15)
problem has a non-trivial solution.
We use the Fourier method to solve the problem (14), (15). That is,

(16)
Using (16), we obtain the following conditions:

(17)

                             (18)
Calculating the second-order derivatives of (16):

Substituting into equation (14), we obtain the following:
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equality. Since the expression  in the equality above does not depend

on  ,  and  the  expression   does  not  depend  on  ,  we  have  the
following:

equalities.

From this, for  and  we have the following equations:

(19)

(20)
We consider equations (19) and (20) with conditions (17) and (18), respectively:

 (21)

(22)
The solutions to the problems (21) and (22)

if 

if 
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where    are in the following
form.

In both cases,  are the positive roots of the following  the
transcendental equation.

Thus,  the  eigenvalues  of  the  spectral  problem  (
14),  (15)  are

in the form, and the corresponding eigenfunctions are

in the form.
According to the result  of this [14] work, the eigenvalues of the spectral

problem (14),  (15)   form an increasing

sequence and the eigenfunctions are .

Let , where  furthermore,

where 
The norm defined by the following formula:
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(23)

is equivalent to the initial norm in the space .
According to the results of theorem 2.1 in [16] and theorem 4.1 in [15], the

eigenfunctions  of the spectral problem (14), (15) constitute a

normalized Riesz basis in 
A priori estimate

Lemma 1. Suppose that the function  satisfies the equation (6) and 

the conditions (7)–(9) in the domain . Then, for the function , the 

following inequality holds for :

The proof of Lemma 1 can be found in [8].

Theorem 1. Suppose that  is a solution to the problem

(1)–(4).  Then,  for  the  functions  ,  the  following  inequalities

hold for :

Proof.  By  Lemma 1,   the  following  inequalities  hold  for  the  functions

and :

 (24)
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(25)

Using (5), we obtain the following equalities:

(26)

Using the inequalities (24), (25) and the equalities (26), we obtain the following 

inequalities:

(27)

(28)

Based on the equalities (5), the following estimates for the norms of the functions

 and  hold:

(29)

By using the inequalities (27), (28), and (29), we arrive at the following estimates:

(30)

This concludes the proof of Theorem 1.

Consequently, we define the set of well-posedness for the problem (1)–(4) 

as:

(31)

Uniqueness and Conditional Stability
Theorem  2.  If  a  solution  to  the  problem  (1)–(4)  exists  and

 then the solution to the problem (1)–(4) is unique.
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Proof. Assume  that  the  pair  of  functions  

 are solutions to the problem (1)–(4).  We introduce the

notation   and  

Then,  the  pair  of  functions   satisfies  the  system  of

equations:

(32)

and the initial conditions:

(33)

as well as the boundary conditions:

(34)

By applying the inequalities (30) to the solution of the problem (32)–(34), it 

follows that:

Therefore, for any  we have

 

This completes the proof of Theorem 2.

Let  be the pair of functions representing the solution 

to the problem (1)–(4) with exact data, and let  be the pair 

of functions representing the solution to the problem (1)–(4) with approximate 

data.
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Theorem 3. Suppose that   

and   Then, for the functions

 the following estimates hold for :

Proof. We  introduce  the  notation  

. Then, for the pair of functions   we

have the following system of equations:

(35)

and the initial conditions take the form:

(36)

Taking into account that
   in the 

problem (35), (36), we perform the following estimations:

and,

________________________________________________________________

"Экономика и социум" №8(147) 2026                                      www.iupr.ru



Using the above estimates and the result of Theorem 2, we obtain the following 

estimates:

Theorem 3 is proved.
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