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Abstract. This paper is devoted to the investigation of an ill-posed initial—
boundary value problem, in the sense of Hadamard, for a system of time-direction
changing parabolic-type equations. By applying the Fourier method and the
spectral properties of the corresponding differential operator, an appropriate
correctness set is constructed for the considered problem. Sufficient conditions
guaranteeing the uniqueness of the solution in this set are established. In addition,
conditional stability estimates are derived by means of suitable a priori
inequalities. The obtained results extend the theory of ill-posed problems for
systems of time-direction changing parabolic-type equations and may serve as a
theoretical foundation for further studies of inverse and nonlocal boundary value
problems.
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HEKOPPEKTHAS HAYAJIbBHO-KPAEBAS 3AJTAYA JIA
CUCTEMBbBI TAPABOJIMYECKNX YPABHEHUM C
N3MEHAIOIIUMCH 110 BPEMEHUW HAIIPABJIEHUEM

Kacypoexk Illapunos UkpoMuaau- yriau
HaumnonanbHbIi yHUBepcHTeT Y30ekncTana uMmeHu Mup3o Yiayroeka

TamkeHT , Y30eKuCTaH

Annorauus. Hactosiias paboTa mocBsiineHa UccieJ0BaHUI HEKOPPEKTHOM
HavyaJIbHO-KpaeBoM 3amaur B cMbIciie JK. Agamapa JJis CHCTEMBI IMapadoTMIecKuX

YPaBHEHUI C M3MEHAIOLIMMCS 0 BpeMEHM HarpaBieHueM. C HUCIOJIb30BaHUEM
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METO/a Dypre u CIIEKTPAJIbHBIX CBOWCTB COOTBETCTBYIOLLETO
muddepeHmaIpHOro  onepaTtopa i pacCMaTpPUBAEMOM  3a7aud  MOCTPOEHO
COOTBETCTBYIOIIEE MHOXKECTBO KOPPEKTHOCTH. Y CTAaHOBIJICHBI JIOCTAaTOYHBIC
YCJIOBHSI, TAPAHTUPYIONINE €TUHCTBEHHOCTh PEIICHUS B 3TOM MHOXecTBe. Kpome
TOTO, IIOCPEJACTBOM COOTBETCTBYIOIIUX AaMPUOPHBIX HEPABEHCTB TIOJYyYCHBI
YCIIOBHBIE OIICHKH YCTOMYHMBOCTH perieHus. [lomydueHHbie pe3ynbTaThl Pa3BUBAIOT
TEOPUIO HEKOPPEKTHBIX 3aJad [UIsi CUCTEM MapabOJMYECKUX YpaBHEHUH C
MU3MCHSIFOIITUMCSI TI0 BPEMEHU HAINPABICHUEM M MOTYT CIIYXXHTh TEOPETHYCCKOU
OCHOBOHW IS JAJTbHEHIINX HCCIEIOBAHUN OOPATHBIX M HETOKAJIbHBIX KPAeBBIX
3a/ay.

KiaroueBble  ciaoBa. Cucrtema  napaOoJMYECKHMX  ypaBHEHHH ¢
MU3MEHSIONMMCS 110 BPEMEHU HalpaBlIeHWEM, HEKOPPEKTHAas HadajlbHO-KpaeBas
3ajlaya, MHOXKECTBO KOPPEKTHOCTH, CJAMHCTBEHHOCTh pEIICHUS, YCJIOBHAs
YCTOMYMBOCTD, allpUOPHBIE OLIEHKU, MeTOJ Pypbe, CIeKTpaabHas 3a1a4a.

Introduction

Time-direction changing parabolic-type differential equations and their
systems play an important role in modeling various processes arising in
mathematical physics, heat conduction theory, diffusion phenomena, filtration
processes, control theory, and many other fields of applied science. A distinctive
feature of such equations is that their evolution direction changes over different
time intervals. Consequently, the mathematical properties of the corresponding
problems become considerably more complicated, making the investigation of the
existence, uniqueness, and stability of solutions a problem of significant theoretical
importance.

According to Hadamard's definition, a problem is said to be ill-posed if at
least one of the following conditions is violated: the existence of a solution, its
uniqueness, or its continuous dependence on the given data. The theory of ill-posed
problems was initiated by J. Hadamard and was subsequently developed by A.N.
Tikhonov[1], M.M. Lavrentiev[2], V.K. Ivanov[3], A.l. Kozhanov[4], S.G.
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Pyatkov[5,6], S.A. Tersenov[7], K.S. Fayazov[8], A.A. Kerefov[9], LE.
Egorov[10], L[.O. Khajiyev[l11], Y.K. Khudayberganov[12,13] and many
researches, furtheremore this problem’s non-linear types are discussed in these
[17,18] works. Their works have established the theoretical foundations for the
study of correctness classes, uniqueness, and conditional stability of solutions to
ill-posed initial and boundary value problems for various classes of differential
equations.

In recent years, increasing attention has been devoted to the investigation of
initial-boundary value problems for time-direction changing parabolic-type
equations. Such equations describe processes that evolve forward in time over
certain intervals and backward in time over others. Consequently, the analysis of
their solutions by classical methods is often inadequate and requires the application
of special functional spaces, spectral methods, and appropriate a priori estimates.
In particular, ill-posed initial-boundary value problems for systems of time-
direction changing parabolic-type equations have not yet been sufficiently
investigated, which makes this research area both challenging and relevant.

In the present paper, an ill-posed initial-boundary value problem, in the sense
of Hadamard, is investigated for a system of time-direction changing parabolic-
type equations. An appropriate correctness set is introduced for the considered
problem, and sufficient conditions ensuring the uniqueness of the solution within
this set are established. Furthermore, conditional stability estimates are derived by
means of suitable a priori estimates. The obtained results extend the theory of ill-
posed problems for systems of time-direction changing parabolic-type equations
and provide a theoretical foundation for further investigations of this class of
initial-boundary value problems.

Problem Statement.

Ll 2. 0) (01 1)) 49 g solution to the

Suppose that a pair of functions
system of partial differential equations of parabolic type in the domain

Q=0 =(0:T),
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['ul_,i X VL) +S5ENIX0U (X 1.0 +5gn( Vi, (X V.0) + au,( x. 3. 1) =0,

|t (X, 3.1) +SGRUX N (X, 1. 1) + 5NV Ity (X.3.1) =By (. ¥.1) =0,

(1)
{ - 2 . .

. . Q. =x.v-Ll).x=0v=0,.
where 0 are arbitrary constants, @0 >0 and = U7 " ' }
T <@,

The system of equations (1) in the domain €2 and the following:
(X V0] =@ (X)) (5. y) € [—L:l]: : 2
initial,
XY oy = 0. () £[-L1]% O,
x=-1
WA Y0 oy =0, (X1 £ [-L1] % O,
= 3)
boundary,
G (X.v.1) G (x.v.1) _
cx . ax .
E'u (X 3.1) &' (%, 1.T) _
— =———— .xne[-LI]xQ.
v : _

=T e 4)

and satisfying the gluing conditions, find a pair of continuous functions

I =0.L j=12 1), o (x. 1 .
(2, (. 3.1), “:(--'3"}}, where ['-I / ':I and A1) @2050) gpe given

: . @ix. Vi, =0
sufficiently smooth functions, furthermore, ~* - [f‘

To solve the problem (1)—(4), we perform the following:

. | . | p .
w(x.v.t)=—e “E't’:?(r.}'-!h+—_€£f3'(-‘f-}'-”
S 2D - 2b '
. | — . | g .
U (x.v.t)=——e ‘E’fﬂ(-‘f-}'-H——_E’-EEU-}'-”
2\ab - 24Jab ' (5)

substitution. As a result, in finding the solution to the problem under consideration,

O Y1) g TN

with respect to the functions we have the following:

Problem 1. The following
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X V0 +sgnix)m (X0 +sgnivie (x 1) =0

(6)
equation in the domain €2 as follows:
initial
X V) | =@, 1) (X 1) E[—l:l]:
' (7)
boundary
(x|, =0. (0 e[-L1]x0.
=1
@(x. 30|, = 0. (1) £[-L1]< O,
= (8)
and gluing
&'e(x. 1) &'e(x. 1) —
& =0 & =0
& x. 1.1 &' x. 1.1 — .
A—: :A—: :TI]E[—LL]XQI:D’].
Sy Sy

L N P e )

conditions, where ;[ x.¥)=bo,(x.¥)+ Jabg (x.v).

Problem 2. The following
T XV +sgriT (X V. +sgnivio (xvr)=0

(10)
equation in the domain €2 as follows:
TV = @ XY (K. E [—L;l]: . an
initial,
Fix. )| o, =0 (v e[-L1]x0.
1
(X y.0)| =0, (x.0) [-L1]x Q.
= (12)
boundary,
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&t St —

coLy _CEORI e [-L1] < D.
o' s o' s

Saix.v.0) S'@(x.v.1) —
&y &y

=0 . =0 (13)

and satisfying the gluing conditions, leads to the problem of finding the functions
DD gpg TENT) Ghere E(_x. V) =be(x.v)- \}ﬁg[ﬁ:. V).

Spectral problem

Find the values of the parameter 4 for which the following:
S0 (X V) +5gn(¥) G (. v)+ AHx 1) =0, (X, 1) Q.

(14)
Hx.v), =0, ve[-LI]. Sxv)| =0 xe[-LI].
y=-1 v=-1

A L v L L v
#ﬁ.}] =¥‘i}] ve[-L1].

c: S x|,
AL _GALI o) (i=01).

& _ P ._ |

= - = (15)
problem has a non-trivial solution.
We use the Fourier method to solve the problem (14), (15). That is,

Hx vi=X(x)-Flv). (16)

Using (16), we obtain the following conditions:
X(-1)=X(+1)=0,

X(-0) = X(+0).

X'(—0)=X"(+0). (17)
Y(—L)=¥(+1)=0.

¥(-0)=Fi=+0).

F(—0)=Y"{+0). (18)

Calculating the second-order derivatives of (16):
S (e =X"(x)-Fl),
Gy =X(x)- T (1), 8 (x.3)=X(x)- F(¥)
Substituting into equation (14), we obtain the following:
sgn(x) X7 (x) | senl VY(y)
A(x) Yiv)

—rL.
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sgn(x).X7(x)

equality. Since the expression A1x) in the equality above does not depend

sgn( ¥ (v)
on V', and the expression riy) does not depend on ¥, we have the
following:

sgn )X (x) sgniv)¥ (v)
- =M T T
Ax) Yiv)
equalities.
From this, for A1 and ) we have the following equations:
sgn(x) X x)=—AX (x). (19)
sgn( WY (y)=-2F(¥). (20)

We consider equations (19) and (20) with conditions (17) and (18), respectively:
sgn ) X (x)=—A4 X (x).
X=-11=X(+1)=0.

X(=0) = X(+0).
X'(—0)=X"1+0). 21)
sgnl VI (v) =—A, T v),
Yi—Ly=F(+1)=0.
Y(—0) =F(+0).
Y(-0)=Y(+0). 22)

The solutions to the problems (21) and (22)
lf /:1 =0, /f.: =00,

s [sing, (x—1)/cosu, .0=x=l, e
Hoy=4  7F g EN,
’ (Shu(x +1)/ chu,.—1%x 20,

. [sing,(v—1)/cosc. 0=y <1,
(v =+ ' “ leN.
|sho(v+1)/ cho,.— 1=y 20,

lf /‘1 ‘HD./‘: < U

" (shu (x—1)/ chu, 0 x =1,
A )=« 7 i keN.
’ singg (x+1)/cos g, — 12520,

(sho(y-1)/che, .0=v=l
o(yvi=- | =N
singy(y+1)/cose; 1= v=0.
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where ‘1 =4 0.4y == <0, Ay =07 =0, 4y, =—07 <0

form.

are in the following

In both cases, % i are the positive roots of the following lga =—tha

transcendental equation.

v

Thus, the eigenvalues of the spectral problem (14) (15 are

2 I 3 a0 2 TS 2 TS
A T Oy = A W — O = A T O =AY T O = A

in the form, and the corresponding eigenfunctions are
A (r. ) = XP(0) 1),
8 (e ) = X0 () ().
'-'?j'f‘r V)= -}L'_;_.::'fﬁ:} ¥ 1;.(3.}.
890, 1) = X0 T (3), kil e

Ml
-

in the form.

According to the result of this [14] work, the eigenvalues of the spectral
A ) I S A LR o
problem (14), (15) ** e T U s T T e form an increasing

B PSSR

. . IL@JH’H}I | j=14]
sequence and the eigenfunctions are * e /
1-1 1-1
) (u.v)= | Juvdvdy.
Let Jul = (0 , where -1-1 furthermore,

| sgnix)sgni v g (x. }'].&.j:'i V) |=0.p=2q.(p.g= L4).7k.1i. ],

. x x o [LEk=inl=].
[ sgni r].sgﬂt}']&_?"tr.}'].&’?"tr.}']j=-J o ‘;_ (m=14).
' ’ ? S0 k=ialE ]

. : : o [—Lk=inl=j
| sgn(x)sen(v)idk™ (x. v 2 (xv) )= l o _‘F Am=2.3).
- fac] o Ed o i o L) . :

o0 kzinl#]

where kl.i.jeN.

The norm defined by the following formula:
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[TTESRIN: J|f = ZZ ]‘[ SENIX)sgniy X 1.009 ] (£.1) o

B=loi=l

+ ‘[ sgn(x)sgn(viu(x.v.t) % (X v J_}|' +
+ ‘[ sen(xX)sen( 1l X, V.90 (X.7) ]‘ +

. . B
+ |[_ sgn(x)sgn(u(x. .90 (1, y ]__j[
(23)

1s equivalent to the initial norm in the space Hy,

According to the results of theorem 2.1 in [16] and theorem 4.1 in [15], the
ATy =14 :
LR A } [ / ) of the spectral problem (14), (15) constitute a

normalized Riesz basis in 22| (71D < (=1D)

eigenfunctions

A priori estimate

@ X, V.1)

Lemma 1. Suppose that the function satisfies the equation (6) and

the conditions (7)—(9) in the domain £2. Then, for the function @LX, 1.1) , the

following inequality holds for! €101,

-

ot v.0)|, < 2[ex.3.0), T ||c::£‘{ v.T ]||

The proof of Lemma 1 can be found in [8].

(uy(x.p.0) uy(x.v.1))

Theorem 1. Suppose that 1s a solution to the problem

(1)~(4). Then, for the functions “-¥-D-1% (231 the following inequalities

hold for £ =9 7).
[T E RS = *1b H [||t:9£r v, ) ;+[|‘@1£r v, J T [‘.b|||u1£r v.T, +«,.'"?||u (X. V. T]H
bz tx. 20|, = \f?| [||c9£‘( V) ;+[||c91£‘( v, J [|b|”1‘,{1£‘( v.T, +J?Hu (X.V. T]||

Proof. By Lemma 1, the following inequalities hold for the functions
&(x, 1,1 and &ix,v.t) :

T—

o0, < 2ot 50 7 -Jotnr T 249
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T—

|zt v.0|, £2|=(xr.0), 7 ||<:r£ X, T]||

(25)
Using (5), we obtain the following equalities:
o(x. y.0) = by (x.3.0) + Jabu, (x. 3.1) | el
(x.v.0) = bu, (x.v.0)— Jabu, (x.v.1) | e
“ . [ (RSN it :' (26)
Using the inequalities (24), (25) and the equalities (26), we obtain the following
inequalities:
X, 1.1 @, (x.v) :rx]‘"]+\/?u:r1]‘"l
ool <2l o= o
T X, V.1 (X. V) (x.v.T)—~Jabu,(x. v.T)
o0, <2t ], 7 VCRE R

Based on the equalities (5), the following estimates for the norms of the functions

(. 3.1) gng ¥ (320 po1d:

||c|'c1 rj" 'i—le

5 T e [ Ce. w2 -

(e ot v.0],+ ¢ e 20, |
2aJab (29)

By using the inequalities (27), (28), and (29) we arrive at the following estimates:

||';":; I:"C-' X Tj || =

(TG = “pil [Hcﬂ (x|, ) +[||c91ir v, J [|b|||u1tr v.T)||, + Vab Ju (x. 3.7, )
||u:£.1.’.}'.n||:,EEL[:||@;,H.}'JH&J +[Hc91£r W), ) [‘b”‘ultr v.1)|, + ab Juy(x.3.7)|, J 50)

This concludes the proof of Theorem 1.
Consequently, we define the set of well-posedness for the problem (1)—(4)

as:

M= {(m(x.y.0.(x00): |ux y. T, + | x. 3. T, <mm -::f}

(1)
Uniqueness and Conditional Stability
Theorem 2. If a solution to the problem (1)-(4) exists and

(4 (£.3.7). 1 (x.3.1)) € M. then the solution to the problem (1)—(4) is unique.
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Proof. Assume that the pair of functions \y (e3g), ) (X pT)).

(02 (%.3:2) ., (%, 3:2)). are solutions to the problem (1)—(4). We introduce the

notation Uyt =, (nnt)—u, (g and Lilxvr)=u (xwr)—u, (x.r0).

(T (xvt). UL (xvt ‘J':J

Then, the pair of functions satisfies the system of

equations:
[T, + sgnix)Uy, +sgn(y iUy, +al, =0,

[ Uy, +sgnix Uy, +sgn(y i, +bLU, =0.

: (32)
and the initial conditions:
U, (. nh)|o=0.x. ) e [-L1] . (33)
as well as the boundary conditions:
U] =0 (nne[-L1]x0.
: =1
U x|, =0, (x.) €[-L1]=< .
y=l (34)

By applying the inequalities (30) to the solution of the problem (32)—(34), it
follows that:
x| =0. [0, (x. 3.0 =0

(x.v.1)eQ

Therefore, for any we have

il Xvl) = U (vt ), (xr) Su,,(xvr).
This completes the proof of Theorem 2.

(2 (x.3.0). 1, (x.3.7)

Let -J be the pair of functions representing the solution

to the problem (1)—(4) with exact data, and let ([t (% 2:0)s 1 (. 327)) be the pair
of functions representing the solution to the problem (1)—(4) with approximate

data.
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Theorem 3. Supposethat[ L yd)ay (x.0.0)) €M, (g (xt)an, (x.300) | €M

(x.1)—e@ =0.1.

Then, for the functions

re(0.T).

and ||¢?
Ui (X.3.1). Uy (2.3.2) the following estimates hold for

-1 _ e |
L (x|, = T || [g[|t1|+ fm):l d [_2m[__|EJ|+ f{b).:l‘

)
4

e, {EI[E[M ) T (2m(p|-aB) |

Proof. We introduce the notation U lent)=wxn) -y, ().

GHESTEAESTEA (U v Un Gend)) o

LR Then, for the pair of functions *

have the following system of equations:

(U, +5gn(0) Uy, + 5803 U, +al,, =0,
| U, +senix) . +sen(vil, . +bL . =0.
I_ 2 & JExe S 151y ls (35)
and the initial conditions take the form:
LA v0)=@(x. V) —@, (X V)
E,_:Eli.'{'. }'.D]=§-.91|:.T. VIi—a (X, V). (36)
((yt)a (o)) Mo (et u (rnn))eMd .

Taking into account that

problem (35), (36), we perform the following estimations:

Hcﬂ_[ x. HH =[Bl|es (. 3) = @us (x.3)|, + Vb (x.3) - o, (x.3)|, = &(|p|+ Vab )
\b”‘cﬂ (%.3) =@, (x¥ || —J?Hcol[rx —o, (% || <&([p|- Jﬂ«ta[\q JFJ

|E:I|||E,‘15:r. 1T, + Vab|Us.(x 3. T, = |b| | 5 3.T) — . 3.7, +

+ab fus (3. Ty —us (2. 3.7, < P . |, + [ (e 3T ) +

+ab (Jusx.3.T)|), i"m[;|.f:l|+ﬂ).

and,
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B[t x. }'.T]||:,—ﬁ||ﬂ':££r. V.||, = B||fen (2 3. T) — 1 (x0T, -
ﬁ”u::r. VI =ty (6.3, = (| (3. 7|, + e (3T ) +
ab (fustx. 3. ||, + s (5. 32T, ) = 2m(|B|+ Vab ).

Using the above estimates and the result of Theorem 2, we obtain the following

estimates:

el < o (e(pl+VaB)) 7 (2 (B )

_|EJ|I__. ! g

s T A== .
.00, %~ (e[ ¥GE)| 7 (2m (o=@ |
Theorem 3 is proved.
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