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Abstract: This article presents a brief theoretical part of vector field flow and

its practical applications reflected in specific problems. The problems are clearly

expressed with drawings.
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Auunoe Henam Azamamosuu

Crapumii npenoaaBartesib kKadgeapsl « Boiciiasi MaTeMaTHKA

KapmmHCKOro rocy1apcTBeHHOT0 TEXHHYECKOT0 YHUBEPCHUTET

¥Y30ekucran ropoa Kapuu

HEKOTOPBIE METO/AbI PACYHETA BEKTOPHOI'O IIOTOKA.

AHHOTanus: B JaHHOU cTaThe MPEACTABJIEH KPATKUM TEOPETUUECKUM pa3fed,
MOCBSIIEHHBI BEKTOPHOMY TEUYECHHIO, W €ro IMpaKTUYeCKHe MPUMEHEHUS,
OTpaXEHHBIE B KOHKPETHBIX 3ajadax. 3aJlayd HarjsgHO TPEICTaBIICHBI C
MMOMOILBIO YEPTEKEM.

KiroueBble c10Ba: KOOpAUHATHBIE TUIOCKOCTH, METO] MPOCSKIINU, €TUHUYHBIH
BEKTOp, cdepa, KPUBOJWHEHHBIE KOOPJIWHATHI, BHEIIHSS OOKOBas TOBEPXHOCTH
ATUHAPA.

In this article, some applications of vector field flow are analyzed using
specific problems. In general, the concept of vector field flow (i.e., flow passing
through a surface) is studied as one of the most important concepts in mathematics
and applied sciences. It is mainly studied within the framework of vector analysis
and is used in many fields. It is mainly used in physics (electric and magnetic
fields), fluid and gas mechanics, heat transfer, acrodynamics and aviation, and in

engineering techniques to calculate real processes.
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Projection method onto all three coordinate planes. Let a surface S be projected
one-to-one onto all three coordinate planes. Let us denote the projections of S as
the planes responsible for.

In this case the equation T %,7,2]20 surface S is uniquely solvable with
respect to each of the arguments X, Y2

So x:X(y,Z), YZY(X’Z)’ Z:Z(X’Y) Then the vector flow

a=P(xy,2)i + Q(x.y.2)j + R(x.y, 2)k through the surface S, the unit normal

vector to which is equal to

n® =cosa-itcosf-jtcosy-k

can be written like this:
o= [[(an®)ds = [[[P(x,y,z) cos a+ Q(x,y,2z) cos B + R(x,y,z) cosy]dS. (1),
It is known that dScosa=*dydz, dScos f=*dxdz, dScosy==dxdy, (2)
Moreover, the sign in each of (2) is chosen such that the sign
cos@,cos5,C0SY o the surface. Substituting (2) and (1) we will have

H:i” P[x(y,z),y,z]dydzi” Q[x,y(x,z),z]dxdzi” R[x,y,z(x,y)]dxdy.
Dy, Dy Dy 3)

Example Nel. Find the flow of a vector
a =xyi+yzj + xzk through part of the outer side of the sphere

2 2 2 _
x"+y"+2" =1, enclosed in the first octant.

Solution. We have

0 grud[x:—i-}r:-l-z:—lj B xt +vj+ zk

= - - - =——  =xi+vj+=zk,
|grad[x-—|—}r-+z-—lj| 1"‘II.'_'J-;:—|-_'!,,r: -|-z: Y

n

From where, taking into account that the given surface S is in the first octant,
we obtain c0sa=x>0, cosf=y>0, cosy=z>0.

Therefore, in formula (3) we take the plus sign in front of all the integrals and,
putting in it P=Xy, Q=yz, R=Xz, we will receive

IT= 'Uﬂyz xy dydz + 'Uﬂ.rz vz dxdz + 'Uﬂxy xzdxdy. (4)

"IxoHoMuka u counyMm" Ne4(143) 2026 www.iupr.ru



) 2. 2. 2
From the equation of the sphere X" +Y +2 =1, we find
z:z(x,y)zvl—xz—yz, y:y(x,z)zh—xz—zz, x:x(y,z)zvl—yz—zz.

Substituting these expressions for X,¥,Z respectively, in the first, second and

third integral of the right-hand side (4), we obtain

o= .UDEY x/1—x* —y*dxdy + _ITDE zy1l—x*—z%dxdz + HD},ZF‘J 1 —y*—z*dydz. (5)

Let's calculate the first integral on the right-hand side, moving to polar

IA

0<¢p<—, 0<p<1

- B 7 L
Ilz_ﬂ X\/l—XZ—ydedy:ff pz\/l—p2cos qﬁdd)dp:f cos qﬁdqﬁf pQ\/l—pzdp: f p’V1—p°dp
0 0 0

DX)’ DXJ/

Flat in the last integral p=sint, dp=costdt, we will have.

11:.([ sinztcosztdtzz_([ sin22tdt=%.

N R

coordinates X=pPCos @, y=psing,rye " Then we get

The second and third integrals in formula (5) are calculated similarly, and we

IZ:H Z\/l—XZ—ZZdXdZ:%, Iszgf y\/l—yz—z2dydz:%.

obtain Dy, y The desired flow

3
n=I+1,+1I,=—
1 2 3 16

Method for introducing curvilinear coordinates on a surface. In some cases,
when calculating the flow of a vector field through a given surface S, it is possible
to choose a simple coordinate system on the surface itself, which is convenient for
calculating the flow without projecting onto coordinate planes. Let's consider a

particular case.
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z) Case 1. Let the surface S be part of a circular

_ 2 2R
T~ cylinder X +Y =1t limited by surfaces 2=/ 1(x,y)

aS-Piligt; and z=f,(x,y) and besides fi(x,y)=f,(x,y).

Assuming X=Rcos¢, y=Rsing, 2=z, We will have for
J I, '_f.f
/'\"LK this surface 9=¢=x=Rcos¢, y=Rsing, z=z, 4p4

for the area element dS we obtain

Fig. 1
the following expression (Fig. 1) dS=Rd ¢dz.

Then the flux of the vector field a through the outer side of the surface S is

21 fz(Rcos¢,Rsin¢)
HZRIdd) f (a,no)dz,

0 f1(Rcos¢,Rsing)

calculated by the formula

o0 _ grad(x*+y*—R%)  xi+yj

n _|grad{x2+yz—ﬁz]| E (6)

Example Ne2. Find the flow of a vector

r=xi+yj+zk  through the outer side surface of the

‘ 2 2 2

ircular cylinder X TV =R, limited by planes Z=0 and
'=H(H>0).

_ Solution. In this case we have:

I<¢p<27m; fl(Rcosqb, Rsin(,b):O, fZ(Rcosqb, Rsind)):H.

Fig. 2

Let's introduce curvilinear coordinates on the cylinder;

x=Rcos¢, y=Rsing, z=z. Then the required flux of vector r will be equal to
2n H

H:Rfdgbf(r,no)dz.
0 0

r=xit+yvj+zk=Rcos¢p-i+Rsingg-j+z-k

But since * and the normal one is

o _ xityj _ Rros¢itRzingj _ . . .
; n = = =cosg- -1+ sing -
on the cylinder R R P ¢
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the scalar product on the «cylinder will be equal to
then

2n H
0\_p .2 0 M=R*| do [ dz=2nR*H.
(r,n")=Rcos"¢+Rsin"$=R. We finally find o 0

Example Ne3. Calculate the radius vector flux ¥ =¥+ 2k through the

lateral surface of a circular cylinder

2.2
X'+)"=1, bounded below by a plane X*+Y+z=1, and on top is a plane a

x+y+z=2

Solution: In this case we have

R=LAEY)=1-x=y(Y) =2=X=Y Moving on to coordinates on the
cylinder X=c0s ¢, y=sin¢g, z=z, we will have

fi(x,y)=1-cos¢p—sing, f,(x,y)=2—cos¢—sing. According to formula (6), the
2m 2-cos¢-sin¢
H:R2fd¢ f (r,n")dz.
flow of vector r will be equal to 0 1-cosp-sing But since on the cylinder

X2+y2:1,u“=xi+yj=casqb-i+sinqb-j,
o _ .2 2 __ 2 o 2 —
(rmn")=x"+y“=cos“¢p+sin¢p=1 and therefore,

TO

2n 2—cos¢—sin ¢ 2n

n=r*[dp [ de=][dp=2n.

0 1—cos¢ —sin ¢ 0

Case 2. Let the surface S be part of a sphere

2, 24 A= R? _ o
X +y +7Z =K, pounded by conical surfaces, the equations of which in
spherical coordinates have the form ©=f 1(9), 0=11(9),  and half-planes

¢=¢1, $=b>- Jet wus set for the points of the given sphere

x=Rcos@sinf, y=Rsingsinf, z=RcosO, whereabouts ¢1=9¢=<¢,. 6,<0=<0,.Then
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— 2
for the area element dS we obtain (Fig. 3) dS=R’sinBd0de. 1p this case, the flux of
the vector field a through the outer part S of the sphere is calculated by the formula

I = R? fff dg jjf (a,n°) sinf d8, (7)

o grad(x*+y*+z*—R?) _xi+yj+zk

n= lgrad(x* + y* + z2 — R?)| B R

z

Example Nod. Find the flow of a vector.

a=(x—2y+1)i+(2x+v—3z)j+ (Bv+ )k

Fsin 8dp
through part of the surface of the sphere
&
"\ X +y*+z'=1
% > located in the first octant,
_.--""F—-"
7
'f > g : x2+y2+zz>1.
1 2o in the region where
o Solution: In this case we have
Fig. 3. R=1, ¢,=0, ¢z:%’ 6,=0, Bzzg’

n® =xi+yj+zk (an®)=x*+y*+z°% +x )
) ( ) ' Let's introduce on the sphere

2, .2, 2
Xty +2°=1, coordinates ® AN @ gych that x=cos¢sinf, y=sin¢sinf, z=cos#,

0y_ .
Then we will have a,n’)=1+cosgsin® applying formula (7) we obtain

H=f d¢f (1+cos¢sin0)sin6d6:f dd)f sin9d6+f cos¢d¢f sin”0d6 =%n.
0

0 0 0 0 0

In conclusion, the vector field flux is an important mathematical tool in the
analysis of physical and engineering problems. It can be used to determine the
passage of electric, magnetic, and fluid currents through a surface. With the help of
this concept, complex processes can be simplified and practical exercises can be
effectively solved. Therefore, the vector field flux is of great importance both

theoretically and practically.
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